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PRIMITIVE STABLE REPRESENTATIONS IN HIGHER
RANK SEMISIMPLE LIE GROUPS
INKANG KIM AND SUNGWOON KIM
Abstract. We study primitive stable representations of free groups
into higher rank semisimple Lie groups and their properties. Let Σ be
a compact, connected, orientable surface (possibly with boundary) of
negative Euler characteristic. We first verify the regularity for convex
projective structures and positive representations. Then we show that
the holonomies of convex projective structures and positive representa-
tions on Σ are all primitive stable if Σ has one boundary component.
1. Introduction
Recently, much attention has been paid to the generalization of convex
cocompact groups in rank one symmetric spaces to higher rank symmetric
spaces. The successful story along this line is Anosov representations which
was introduced by Labourie [22] and developed further by Guichard and
Wienhard [14]. In the recent paper [20] of Kapovich, Leeb and Porti, more
geometric criteria for Anosov representations are given. Among those prop-
erties, the concept of Morse actions of word hyperbolic groups is outstanding
[20]. On the other hand, Minsky [29] proposed the notion of primitive stable
representations in real hyperbolic 3-space. Combining these notions, one can
extend the notion of primitive stable representations of free groups to higher
rank semisimple Lie groups [13, 19]. In the case of PSL(2,C), see [17, 24]
for criteria of primitive stability for handlebodies and its generalization to
compression bodies.
Let G be a higher rank semisimple Lie group without compact factors, X
the associated symmetric space, and Γ a free group of rank k. The definition
of primitive stable representation has been already mentioned by Wienhard
in [32] and then Guéritaud-Guichard-Kassel-Wienhard in [13, Theorem 1.3].
In the paper, in order to define primitive stable representation, we will use the
concept of Morse quasigeodesic which is introduced by Kapovich, Leeb and
Porti in [20]. A representation ρ : Γ→ G is said to be primitive stable if any
bi-infinite geodesic in the Cayley graph of Γ defined by a primitive element is
mapped under the orbit map to a uniformly Morse quasigeodesic in X. Let
PS(Γ, G) be the set of conjugacy classes of primitive stable representations.
Then, the openness of PS(Γ, G) directly follows from the stability of the
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Morse property in [19, Section 7]. Furthermore it easily follows from the
argument of Minsky [29] that the action of the outer automorphism Out(Γ) of
Γ on PS(Γ, G) is properly discontinuous. Hence one easily has the following.
Theorem 1.1. Let Γ be a free group and G a semisimple Lie group without
compact factors. Then the set PS(Γ, G) of primitive stable representations
is open in the character variety of Γ in G, and the action of the outer auto-
morphism Out(Γ) of Γ on PS(Γ, G) is properly discontinuous.
From the definition of primitive stable representation, it is clear that any
Anosov representation is primitive stable. The main point of the paper is to
give the concrete examples of primitive stable representations which are not
Anosov representations. Here are our main theorems.
Theorem 1.2. Let Σ be compact, connected, orientable surface with one
boundary component and negative Euler characteristic. Then the holonomy
representations of convex projective structures on Σ are primitive stable. Fur-
thermore, every positive representation of Σ in PGL(n,R) is primitive stable.
There are three kinds of the holonomies of convex projective structures;
Anosov representations, Positive representations and Quasi-hyperbolic rep-
resentations. The holonomies of convex projective structures with hyper-
bolic geodesic boundary are Anosov representations as well as positive rep-
resentations, and the holonomies of convex projective structures of finite
Hilbert volume with cusps are positive but not Anosov representations. Ev-
ery quasi-hyperbolic representation, which is the holonomy of a convex pro-
jective structure with quasi-hyperbolic isometry, admits an equivariant con-
tinuous map ∂∞π1(Σ) → Flag(σmod). But the map is not antipodal due to
the property of quasi-hyperbolic isometry. See Section 3 for more details.
Hence quasi-hyperbolic representations are neither Anosov representations
nor positive representations but they are primitive stable. Theorem 1.2 gives
examples of primitive stable representations which are neither Anosov repre-
sentations nor positive representations. Positive representations with unipo-
tent element are not Anosov representations. Hence we have the following
corollary.
Corollary 1.3. Let Γ be a non-abelian free group of rank 2g. Then there
is an open subset of the character variety of Γ in PGL(n,R), strictly larger
than the set of Anosov representations, which is Out(Γ)-invariant, and on
which Out(Γ) acts properly discontinuously.
What is essential in the proof of Theorem 1.2 is σmod-regularity. We refer
the reader to [20, Section 4.2] for details concerning σmod-regularity. The
regularities of Anosov representations are well known [20]. However it is not
easy to verify the regularity for representations which are not Anosov. To
study the σmod-regularity, we first deal with convex projective structures.
Theorem 1.4. Let Σ be a compact, connected, orientable surface with bound-
ary and negative Euler characteristic. Let ρ : π1(Σ) → PGL(3,R) be the
holonomy of a convex projective structure on the interior of Σ. Then the
following holds.
(i) If ρ is strictly convex, ρ is uniformly σmod-regular.
3(ii) If ρ is properly convex but not strictly convex, ρ is σmod-regular but
not uniformly σmod-regular.
Furthermore, we generalize a tool in PGL(3,R) to check σmod-regularity
to general PGL(n,R). More precisely, we find out how to see σmod-regularity
for a given boundary embedded representation. Here a boundary embedded
representation means a representation ρ : Γ→ G for a (relatively) hyperbolic
group Γ which admits a ρ-equivariant homeomorphism ξ : ∂∞Γ→ G/P for
some parabolic subgroup P of G. By applying the tool to positive represen-
tations, we have the following.
Proposition 1.5. Every positive representation in PGL(n,R) is σmod-regular.
Both Theorem 1.4 and Proposition 1.5 might be important in studying the
notion of relatively Anosov representations in future since positive represen-
tations with unipotent elements have been regarded as important examples
in developing the notion of relatively Anosov representation.
An immediate corollary of σmod-regularity is;
Corollary 1.6. Any holonomy representation of a convex real projective sur-
face with negative Euler number and any positive representation in PGL(n,R)
have discrete length spectrums.
This corollary is proved in [16, Theorem 1.22] with a different method.
2. Preliminaries
In this section, we collect basic notions and results that are necessary to
define and study primitive stable representations in higher rank semisimple
Lie groups.
2.1. Free group, primitive element and Whitehead Lemma. Given
a generating set S = {s1, . . . , sk} of a non-abelian free group Γ, the Cayley
graph C(Γ, S) is a 1-dimensional tree whose vertices are words in S, and two
words v and w are connected by a length one edge if and only if v = wsi for
some si ∈ S. A group Γ acts on its Cayley graph on the left, i.e., for γ ∈ Γ,
(γ,w)→ γw.
This action is an isometry since for any s ∈ S,
d(w, v) = d(sw, sv).
An element of Γ is called primitive if it is a member of a free generating set.
Each conjugacy class [w] in Γ determines w, the periodic word determined by
concatenating infinitely many copies of a cyclically reduced representative of
w. A cyclically reduced word w defines a unique invariant line w˜ through the
origin e in the Cayley graph. Each w lifts to a Γ-invariant set of bi-infinite
geodesics in C(Γ, S). Indeed, this invariant set is the orbit of w˜ under the
action of Γ.
Let P denote the set consisting of w for conjugacy classes [w] of primitive
elements of Γ and P the set of all bi-infinite geodesics q : Z → Γ in C(Γ, S)
lifted from w for all primitive elements w in Γ. Let B be the set of all bi-
infinite geodesics in the Cayley graph of Γ. Then P is the smallest closed
Out(Γ)-invariant subset of B. It is known that P is a strict subset of B.
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For a word γ ∈ Γ, the Whitehead graph Wh(γ, S) is the graph with 2n
vertices labeled s1, s
−1
1 , . . . , sk, s
−1
k , and edge from v to w
−1 for each string
vw that appears in γ or in a cyclic permutation of γ. Whitehead proved that
for a cyclically reduced word γ, ifWh(γ, S) is connected and has no cutpoint,
then γ is not primitive. We refer the reader to [30, 31] for more information.
One says that a reduced word γ is primitive-blocking if it does not appear as a
subword of any cyclically reduced primitive word and blocking if some power
γm is primitive-blocking. An immediate corollary of the Whitehead lemma
is that for a once-punctured surface, the cusp curve c is blocking. Indeed c2
cannot appear as a subword of any primitive element, since Wh(c2, S) is a
cycle [29].
2.2. Cartan projection, Lyapunov projection. Let a be the set of real
diagonal n × n traceless matrices and a¯+ be the set of elements of a whose
diagonal entries are in nonincreasing order. Let G = SL(n,R) and K =
SO(n). Then the Cartan decomposition K(exp a¯+)K means that each g ∈
G can be written by g = k(exp µ(g))k′ for some k, k′ ∈ K and a unique
µ(g) ∈ a¯+. A Cartan projection
µ : G→ a¯+
is defined as the map sending g ∈ G to µ(g).
An element g ∈ G can be uniquely written as
g = ehu
where e is elliptic(all its complex eigenvalues have modulus 1), h is hyper-
bolic(all the eigenvalues are real and positive) and u is unipotent, and all
three commute [15]. This decomposition is called the Jordan decomposition
of g. The Lyapunov projection λ : G → a¯+ is induced from the Jordan de-
composition: for g ∈ G, λ(g) ∈ a¯+ is a unique element such that exp(λ(g))
is conjugate to the hyperbolic component h of the Jordan decomposition
g = ehu.
2.3. Morse quasigeodesic. Let G be a semisimple Lie group without com-
pact factors and K be a maximal compact subgroup of G. Let X be the
associated symmetric space of noncompact type. Let ∂∞X denote the visual
boundary of X. Let W be the Weyl group acting on a model maximal flat
Fmod ∼= Rr of X and on the model apartment amod = ∂∞Fmod ∼= Sr−1 where
r is the real rank of G. The pair (amod,W ) is the spherical Coxeter complex
associated with X. Then the spherical model Weyl chamber is defined as the
quotient σmod = amod/W . The natural projection θ : ∂∞X → σmod restricts
to an isometry on every chamber σ ⊂ ∂∞X. For a chamber σ ∈ ∂∞X and
a point x ∈ X, the Weyl sector V (x, σ) is defined as the union of rays ema-
nating from x and asymptotic to σ. The Euclidean model Weyl chamber ∆
is defined as the cone over σmod with tip at the origin.
For two points x, y ∈ X, the ∆-valued distance d∆(x, y) is defined as
follows: Choose a maximal flat F containing x and y. Identifying F isomet-
rically with Fmod, regard x and y as points in Fmod. Then d∆(x, y) is defined
by
d∆(x, y) = proj(y − x) ∈ ∆
5where proj : Fmod → Fmod/W ∼= ∆ is the quotient map. The resulting
∆-valued distance d∆(x, y) does not depend on the choices of F . Indeed if
we normalize K to be the stabilizer of x, and V (x, σmod) to be a¯
+, then
for any g ∈ G with a Cartan decomposition K(exp a¯+)K, d∆(x, gx) can be
identified with the Cartan projection µ(g). For more details on d∆, see [18].
Let ∂T itsX be the Tits boundary of X. For a simplex τ ⊂ ∂T itsX, st(τ)
is the smallest subcomplex of ∂T itsX containing all chambers σ such that
τ ⊂ σ. The open star ost(τ) is the union of all open simplices whose closures
intersect int(τ) nontrivially. For a face τmod of the model Weyl chamber
σmod, ost(τmod) denotes its open star in σmod. A point ξ ∈ ∂T itsX is called
τmod-regular if θ(ξ) ∈ ost(τmod) where θ is the type map defined as the
canonical projection map
θ : ∂∞X → ∂∞X/G = σmod.
If θ(ξ) ∈ Θ for a compact set Θ ⊂ ost(τmod), then ξ ∈ ∂∞X is said to be
Θ-regular. A geodesic segment xy is called Θ-regular (resp. τmod-regular) if
it is contained in a geodesic ray xξ with ξ Θ-regular (resp. τmod-regular).
A Θ-star of a simplex τ of type τmod is stΘ(τ) = st(τ) ∩ θ−1(Θ). Then
the Θ-cone V (x, stΘ(τ)), which is a union of geodesic rays starting at x and
asymptotic to stΘ(τ), is convex in X. For more details, see [19, Section 2.5].
Definition 2.1 (τmod-regularity, [20]). A sequence gn → ∞ in G is τmod-
regular if for some (hence any) x ∈ X,
d(d∆(x, gnx), V (0, σmod − ost(τmod)))→ +∞ as n→∞.
We also say that a sequence (xn) is τmod-regular if for some (hence any)
x ∈ X, the above condition is satisfied.
A Θ-diamond of a Θ-regular segment xy is
♦Θ(x, y) = V (x, stΘ(τ+)) ∩ V (y, stΘ(τ−))
where τ+ is a unique simplex τ of type τmod such that the geodesic ray xξ
containing xy lands on st(τ) and τ− is similarly defined.
Definition 2.2 (Morse quasigeodesic, [20]). A continuous map p : I → X is
called an (L,A,Θ,D)-Morse quasigeodesic if it is an (L,A)-quasigeodesic and
for all t1, t2 ∈ I, the subpath p|[t1,t2] is D-close to a Θ-diamond ♦Θ(x1, x2)
with d(xi, p(ti)) ≤ D where Θ is an ι-invariant τmod-convex compact set and
ι(τmod) = τmod. Here ι is −w0 where w0 is the longest element of the Weyl
group. A continuous map p : I → X is called an (L,A,Θ,D, S)-local Morse
quasigeodesic in X if for all t ∈ I, the subpath p|[t,t+S] is an (L,A,Θ,D)-
Morse quasigeodesic.
In [19, Theorem 7.18], Kapovich, Leeb and Porti show that for L,A,Θ,Θ′,
D with Θ ⊂ int(Θ′), there exist S,L′, A′,D′ such that every (L,A,Θ,D, S)-
local Morse quasigeodesic in X is an (L′, A′,Θ′,D′)-Morse quasigeodesic.
2.4. Limit set. We stick to the notations of Section 2.3. Let Γ be a nonele-
mentary discrete subgroup of G. Then the geometric limit set ΛΓ of Γ is
defined by
ΛΓ = Γ · x ∩ ∂∞X.
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An isometry g ∈ G is said to be an axial isometry if the displacement function
dg : X → R defined by
dg(x) = dX(x, gx)
has a positive minimum value in X. The limit g+ = limk→∞ g
k · x is called
the attractive fixed point of g. For more details, we refer to [7, Section 1.9]
and [23]. It is well known that the set of attractive fixed points of axial
isometries in Γ is dense in ΛΓ (See [1, 23]).
2.5. Frenet curves. A curve ξ : S1 → P(Rn) is said to be hyperconvex if
for any distinct points (x1, . . . , xn) the sum
ξ(x1) + · · ·+ ξ(xn)
is direct. A hyperconvex curve ξ : S1 → P(Rn) is said to be a Frenet curve,
if there exists a curve (ξ1, ξ2, . . . , ξn−1) defined on S1, called the osculating
flag curve, with values in the full flag variety such that for every x ∈ S1,
ξ(x) = ξ1(x), and moreover
• For every pairwise distinct points (x1, . . . , xk) in S1 and positive
integers (n1, . . . , nk) such that
k∑
i=1
ni ≤ n,
then the sum
ξn1(x1) + · · ·+ ξnk(xk)
is direct.
• For every x in S1 and positive integers (n1, . . . , nk) such that
m =
k∑
i=1
ni ≤ n,
then
lim
(y1,...,yk)→x,
yi all distinct
(
k⊕
i=1
ξni(yi)
)
= ξm(x).(1)
Labourie [22] showed that every Hitchin representation admits an equivari-
ant hyperconvex Frenet curve and Fock-Goncharov showed that a positive
representation admits an equivariant osculating Frenet curve [8, Theorem
9.4].
2.6. Positive representations. The notion of positive representations has
been introduced by Fock and Goncharov [8]. Let G be a real split semisim-
ple Lie group with trivial center, B a Borel subgroup, U = [B,B] maximal
unipotent group, and Flag(σmod) = G/B full flag variety. Lusztig [27] intro-
duced the notion of totally positive elements. A real matrix is totally positive
if all its minors are positive. Let B± be opposite Borel subgroups and U±
corresponding unipotent groups. Denote the set of totally positive elements
of U+ by U+(R>0). A configuration of flags (B1, . . . , Bk) is positive if it can
be written as
(B+, B−, (u1)B
−, (u1u2)B
−, . . . )
7where ui ∈ U+(R>0). A configuration of k real flags (F1, . . . , Fk) in P(Rn)
is positive if there exists a smooth convex curve ξ such that the flag Fi is
an osculating flag at a point xi ∈ ξ and the order of the points x1, . . . , xk is
compatible with an orientation of ξ.
Let Σ be a compact, connected, orientable surface (possibly with bound-
ary) of negative Euler characteristic. A finite volume hyperbolic metric on Σ
is admissible if the completion of Σ is a surface with totally geodesic bound-
ary components and cusps. The boundary at infinity ∂∞π1(Σ)p of Σ with
p cusps is the boundary at infinity of the universal cover Σ˜ of Σ equipped
with some admissible hyperbolic metric on Σ. Then the set ∂∞π1(Σ)p has
a cyclic ordering on points depending on the orientation of Σ. For the rep-
resentation ρ of an admissible hyperbolic metric on Σ, the set ∂∞π1(Σ)p is
identified with the limit set of ρ(π1(Σ)). For more details, see [26, Section
2].
A continuous map
ξ : ∂∞π1(Σ)p → Flag(σmod)
is positive if for any positively orientable k-tuple in ∂∞π1(Σ)p, (x1, . . . , xk),
its image (ξ(x1), . . . , ξ(xk)) is a positive configuration of flags. A repre-
sentation ρ : π1(Σ) → G is said to be positive if there exists a positive
ρ-equivariant continuous map ξ : ∂∞π1(Σ)p → Flag(σmod) for some p. We
list the properties of positive representations ρ : π1(Σ)→ G in [8].
(1) ρ is discrete and faithful.
(2) ρ(γ) is positive hyperbolic for any non-peripheral loop γ, i.e., conju-
gate to an element of G(R>0).
Property (2) implies that ρ(γ) has attracting and repelling fixed points in
Flag(σmod).
3. Regularities of convex projective structures
In this section, we will prove the σmod-regularities of convex projective
structures, which is a key part in proving that every convex projective struc-
ture is σmod-primitive stable. We here introduce a good method to deal with
this issue by just looking at the shape of the boundaries of convex projective
domains.
Let Σ be a compact, connected, orientable surface (possibly with bound-
ary) of negative Euler characteristic. A convex projective structure on Σ is
a representation of Σ as a quotient Ω/Γ where Ω is a convex domain in RP2
and Γ is a discrete subgroup of PGL(3,R) acting properly and freely on Ω. If
Ω is not a triangle, the isometries of PGL(3,R) acting on a properly convex
domain are classified as follows (see [28]):
(1) Hyperbolic : the matrix is conjuagate toλ+ 0 00 λ0 0
0 0 λ−
 , where λ+ > λ0 > λ− > 0
and λ+λ0λ− = 1.
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(2) Quasi-hyperbolic : the matrix is conjugate toα 1 00 α 0
0 0 β
 , where α, β > 0, α2β = 1
and α, β 6= 1.
(3) Parabolic : the matrix is conjugate to1 1 00 1 1
0 0 1
 .
(4) Elliptic : the matrix is conjugate to1 0 00 cos θ − sin θ
0 sin θ cos θ
 , where 0 < θ < 2π.
It is said that a convex projective structure on Σ has geodesic boundary
if the holonomy of each boundary component is hyperbolic. Goldman [12]
showed that the space T (Σ) of convex real projective structures on Σ with
geodesic boundary is of dimension −8χ(Σ). Indeed, the holonomy repre-
sentations of convex projective structures with geodesic boundary are all
σmod-Anosov representations. Hence they are σmod-uniformly regular [20].
The natural question arises whether the other convex projective structures
are σmod-uniformly regular. In order to answer the question, we consider two
cases, whether Ω is strictly convex or not.
3.1. Strictly convex case. Suppose that Ω is a strictly convex domain in
RP
2 with C1 boundary equipped with a Hilbert metric. There is a notion of
parallel transport T t due to Foulon [10, 11]. The parallel Lyapunov exponent
of v ∈ TxΩ along φt(x, [ψ]) is defined to be
η((x, [ψ]), v) = lim
t→∞
1
t
log F (T t(v)).
Then a point w = (x, [ψ]) ∈ HΩ is regular if and only if there exists a
decomposition
TxΩ = Rψ ⊕ E0(w)⊕ (⊕pi=1Ei(w)) ⊕ Ep+1(w),
and real numbers
−1 = η0(w) < η1(w) < · · · < ηp(w) < ηp+1 = 1,
such that for any vi ∈ Ei \ {0},
lim
t→±∞
1
t
log F (T tw(vi)) = ηi(w),
and
lim
t→±∞
1
t
log |detT tw| =
p+1∑
i=0
dimEi(w)ηi(w).
The Lyapunov exponents have to do with the convexity of the boundary
of Ω. For 2-dimensional Ω, the boundary ∂Ω can be written as the graph of
9a convex function f around x ∈ ∂Ω with x = 0, f(0) = 0. Such a function f
is said to be approximately α-regular for an α ∈ [1,∞], if
lim
t→0
log f(t)+f(−t)2
log |t| = α.
This quantity is invariant under affine and projective transformations. Ap-
proximately α-regularity means that the function behaves like |t|α near the
origin. The case of α =∞ means that the boundary point belongs to a flat
segment.
Let ξ ∈ ∂Ω. Let w = (x, [ψ]) ∈ HΩ = TΩ \ {0}/R∗+ be regular such that
ψ(∞) = ξ. Let Hw be a horocycle based at ξ and passing through x. It is
shown in [6, Proposition 3.4.9] that for any v(w) ∈ TxHw,
η(w, v(w)) =
2
α(ξ)
− 1.(2)
Suppose γ is a hyperbolic isometry whose eigenvalues are λ1 > λ2 > λ3.
Then it is shown in [6, Section 3.6] that
η(w, v(w)) = −1 + 2log
λ1
λ2
log λ1
λ3
,
hence
α(γ+)−1 =
log λ1
λ2
log λ1
λ3
.(3)
Here w = (x, [φ]), φ(∞) = γ+ and v(w) ∈ TxHw.
Proposition 3.1. Let Σ be a compact, connected, orientable surface possibly
with boundary. Let ρ : π1(Σ) → PGL(3,R) be the holonomy of a strictly
convex projective structure on the interior of Σ. Then ρ is uniformly σmod-
regular.
Proof. By hypothesis, there is a strictly convex domain Ω invariant under ρ
such that ∂Ω is C1. We claim that α is bounded on ∂Ω.
The proof of the following lemma was indicated by Yi Huang. The authors
thank him for pointing our references for the proof.
Lemma 3.2. If Ω admits a quotient which a finite volume strictly convex
real projective surface, then supx∈∂Ω α(x) <∞.
Proof. Benoist-Hulin showed that the curvature of Blaschke metric is neg-
atively curved (Proposition 3.3 in [4]) and approaches a negative constant
deep into a cusp (Proposition 3.1 in [3]), hence the curvature is pinched
negaive on the surface. Since the Hilbert metric and the Blaschke metric
are comparable [4, Corollary 4.7], Ω equipped with the Hilbert metric is
Gromov hyperbolic. Furthermore Benoist [2] showed that Ω is quasisym-
metrically convex, hence ∂Ω is β-convex for some β ∈ (2,∞) (Corollary
1.5 in [2]). Benoist’s notion of β-convexity is as follows. Let f be a C1-
convex function. Denote Dx(h) = f(x+ h)− f(x)− f ′(x)h. f is β-convex if
inf{(x,h):h 6=0} |h|−βDx(h) > 0 and quasisymmetrically convex if there exists
H ≥ 1 such that Dx(h) ≤ HDx(−h).
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In our case, since ∂Ω is C1-convex, for each x ∈ ∂Ω, ∂Ω near x can be
represented by the graph of a quasisymmetrically convex C1 function f with
f(x) = 0.
Then
f(x+ t) + f(x− t) = Dx(t) +Dx(−t) ≤ (H + 1)Dx(−t).
By the β-convexity of ∂Ω, Dx(−t) > c|t|β for small t and for some fixed
constant c > 0. Then
logDx(−t) > log c+ β log |t|.
Since log |t| is negative for small t, we get
logDx(−t)
log |t| <
log c
log |t| + β.
Then
α(x) = lim
t→0
log f(x+t)+f(x−t)2
log |t| ≤ limt→0
log(H + 1) + logDx(−t)− log 2
log |t| ≤ β,
which implies the Lemma. 
Let γ be a hyperbolic isometry with eigenvalues λ1 > λ2 > λ3 and, the
attracting fixed point γ+ ∈ ∂Ω and the repelling fixed point γ− ∈ ∂Ω. By
(3) and Lemma 3.2,
α(γ+) =
log λ1
λ3
log λ1
λ2
< β.
Considering γ−1, we also obtain
α(γ−) =
log λ1
λ3
log λ2
λ3
< β.
Putting that x = log λ1 − log λ2 and y = log λ2 − log λ3, the positive Weyl
chamber a¯+ is identified with {(x, y) ∈ R2 | x ≥ 0 and y ≥ 0}. Then it holds
that
x+ y
x
< β and
x+ y
y
< β.
From these inequalities, we have that
2β > 2 +
x
y
+
y
x
≥ 4 and thus β > 2.
Furthermore,
(β − 1)−1x < y < (β − 1)x.
The above inequalities imply that the set of attractive fixed points of axial
isometries in Γ is contained in a compact subset Θ of ost(σmod). By [23,
Theorem 4.10], the geometric limit set of Γ is the closure of the set of attrac-
tive fixed points of regular axial isometries in Γ. Therefore, ρ is uniformly
σmod-regular. 
An immediate corollary of this Proposition is;
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Corollary 3.3. For strictly convex real projective surface Σ, there exists
β > 0 such that
ℓ(γ) < βℓi(γ), i = 1, 2
where ℓ(γ) is the Hilbert length, ℓ1(γ) = log λ1 − log λ2 and ℓ2(γ) = log λ2−
log λ3.
This is also proved in [16, Theorem 1.23].
3.2. Properly convex case. When Ω is properly convex but not strictly
convex, the holonomy of one of boundary components is quasi-hyperbolic.
Recall that a quasi-hyperbolic isometry is conjugate toα 1 00 α 0
0 0 β
 , where α, β > 0, α2β = 1
and α, β 6= 1.
The axis of a quasi-hyperbolic isometry, which is a segment connecting the
eigenvectors p−, p+ corresponding to α, β eigenvalues, can lie on ∂Ω. In such
a case, Ω is not strictly convex. The line corresponding to the eigenvalue α
is outside Ω. This line is one of two tangent lines of Ω at p+. The tangent
line of Ω at p− contains the axis of the quasi-hyperbolic isometry. For more
details, see [28]. By this reason, the limit curve from ∂∞π1(Σ) to the flag
variety does not satisfy the positivity and antipodality at two points p±.
Hence the holonomy representation is neither positive nor Anosov.
To deal with the properly convex case, we need a different approach as
the strictly convex case. Throughout this section, we denote PGL(3,R) by
G for simplicity. Embed G into P(End(R3)) and let G¯ be the closure of G in
P(End(R3)). Then G¯ is a compactification of G. Note that the rank of any
matrix on the boundary ∂G of G¯ is either 1 or 2. We say that a sequence
(gk) of G is a rank 1 sequence if (gk) converges to a matrix of rank 1 in G¯.
Similarly a sequence in G is said to be a rank 2 sequence if it converges to a
matrix of rank 2 in G¯.
Lemma 3.4. A discrete subgroup Γ of PGL(3,R) is σmod-regular if and only
if there are no rank 2 sequences in Γ.
Proof. Assume that Γ is σmod-regular. As explained in Section 2.3, if we nor-
malize K to be the stabilizer group of x and write the Cartan decomposition
as G = KA¯+K, then d∆(x, γx) can be identified with the Cartan projection
µ(γ) ∈ a¯+ for γ ∈ Γ. Given a sequence (γk)→∞ in Γ, the sequence µ(γk) of
the Cartan projections of γk’s is σmod-regular. This means that if we write
µ(γk) = Diag(ak, bk, ck) with ak ≥ bk ≥ ck, then
lim
k→∞
(ak − bk) = lim
k→∞
(bk − ck) =∞
since the difference of the coordinates are distances from the walls of the Weyl
chamber. The Cartan decomposition of γk is written as γk = sk exp(µ(γk))tk
for some sk, tk ∈ K. By passing to a subsequence we may assume that the
sequences (sk) and (tk) converge to s∞ and t∞ in K respectively. Then
lim
k→∞
e−aks−1∞ γkt
−1
∞
converges to a rank 1 matrix. Thus there are no rank 2 sequences in Γ.
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Conversely assume that Γ is not σmod-regular. Then there exists a se-
quence (γk) in Γ such that (ak − bk) is uniformly bounded. By a similar
argument as above, one can prove that (e−akγk) converges to a matrix of
rank 2. Therefore the converse direction is proved. 
We learned Lemma 3.4 from M. Kapovich during his visit to KIAS. Before
we prove the regularities of properly convex projective structures, we recall
the following fact due to Benzécri [5] a half century ago.
Theorem 3.5 (Benzécri). Let Ω be a properly convex domain in RPn. Sup-
pose that a sequence (gk) in Aut(Ω) converges to a projective transformation
g∞ in P(End(R
n+1)). Then g∞(Ω) is a face F on ∂Ω and the range of g∞
is the subspace generated by F . For any compact set Z in the complement
of the kernel of g∞, gk(Z) uniformly converges to g∞(Z). Furthermore the
kernel of g∞ has empty intersection with Ω.
Now we give a proof for the σmod-regularities of properly convex projective
structures.
Proposition 3.6. Let Σ be a compact, connected, orientable surface with
boundary and negative Euler characteristic. Every convex projective structure
on the interior of Σ is σmod-regular.
Proof. Let ρ : π1(Σ) → PGL(3,R) be the holonomy representation of a
convex projective structure on the interior of Σ and Ω be an invariant convex
domain. Let (γn) be an infinite sequence in ρ(π1(Σ)) which converges to γ∞
in P(End(R3)). Then due to Theorem 3.5, γ∞(Ω) is a face on ∂Ω. If there
are no 1-dimensional faces on ∂Ω, γ∞(Ω) must be a point on ∂Ω. It means
that γ∞ is a matrix of rank 1 and thus we are done by Lemma 3.4. Suppose
that ∂Ω has 1-dimensional faces and γ∞(Ω) is a 1-dimensional face F on
∂Ω. Note that F must equal to some conjugate image of the axis of ρ(b) for
some boundary component b of Σ and moreover ρ(b) is either hyperbolic or
quasi-hyperbolic. Let γ be the (quasi)-hyperbolic isometry translating along
F .
Choose a connected compact subset C of Ω with nonempty interior. Since
C is a Zariski-dense subset of RP2, it suffices to show that γn(C) converges to
a point on ∂Ω due to Lemma 3.4 or Corollary 4.3. According to Benzécri’s
theorem, C is contained in the complement of the kernel of γ∞ and thus
γn(C) uniformly converges to γ∞(C). Clearly,
γ∞(C) ⊂ γ∞(Ω) = F.
We claim that γ∞(C) cannot contain any interior point of F . If γ∞(C) con-
tains an interior point of F , there exists a point p of C such that γ∞(p) is
an interior point of F and γn(p) converges to γ∞(p). However this is impos-
sible since any orbit of p under the action of ρ(π1(Σ)) can never converge to
any interior point of F by considering the action of Γ on F by the following
reason: Choose a fundamental domain D of ρ(π1(Σ)) in Ω whose one end
is a segment of F containing γ∞(p), then γn(p) can be contained in D only
once. Hence γn(p) cannot converge to γ∞(p). Therefore γ∞(C) can only
contain two endpoints of F . Since C is connected, γ∞(C) must be only one
endpoint of F , which completes the proof. 
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Even though all convex projective structures are σmod-regular, it is still
not clear whether they are uniformly σmod-regular or not. We will answer
this question. Recall that the limit cone LΓ of a discrete subgroup Γ of a
semisimple Lie group is defined as the smallest closed cone in a¯+ containing
the image of the Lyapunov projection λ : Γ → a¯+ which is induced by the
Jordan decomposition. Benoist [1] showed that if Γ is Zariski-dense, its limit
cone is convex and invariant under the opposite involution of a¯+. Moreover
the geometric limit set of Γ in any Weyl chamber at infinity, if nonempty, is
naturally identified with the set of directions in LΓ.
Lemma 3.7. Let ρ : π1(Σ) → PGL(3,R) be the holonomy of a convex
projective structure on a surface Σ. If ρ(π1(Σ)) has quasi-hyperbolic isometry
and is Zariski dense, then its limit cone is a¯+.
Proof. Recall that a quasi-hyperbolic element γ is conjugate toα 1 00 α 0
0 0 β
 , where α, β > 0, α2β = 1
and α, β 6= 1.
Since the Jordan decomposition of the above matrix isα 0 00 α 0
0 0 β
1 1α 00 1 0
0 0 1
 ,
the Lyapunov projection λ(γ) of γ points to a singular direction in σmod.
Since the limit cone is convex and invariant under the opposite involution,
it follows that the limit cone Lρ of ρ(π1(Σ)) is a¯+. 
Lemma 3.7 implies that any convex projective structure with a quasi-
hyperbolic element is not uniformly σmod-regular. This is indeed due to the
orbit of a quasi-hyperbolic element. The orbit of a quasi-hyperbolic element
is σmod-regular but converges to a singular direction. It is possible to see
this by a direct computation as follows: Let γ be a quasi-hyperbolic matrix
in SL(3,R). As mentionsed above, we may assume that
γ =
α 1 00 α 0
0 0 β
 , where α, β > 0, α2β = 1
and α, β 6= 1.
By a straight computation, the Cartan projection of γ is written as
µ(γn) =
1
2
(ln f(n)− ln 2, ln 2 + 4n lnα− ln f(n), −4n lnα),
where f(n) = n2α2n−2 +2α2n +
√
n4α4n−4 + 4n2α4n−2. One can check that
the distance between the sequence (µ(γn)) and any wall in a¯+ goes to infinity.
Hence γn is σmod-regular. To find where the sequence converges, let θn be the
angle between µ(γn) and the singular line x = y on the plane x+ y+ z = 0.
Then we have that
tan θn =
ln f(n)− 2n lnα− ln 2
2
√
3n lnα
.
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By a computation, it can be verified that
lim
n→∞
ln f(n)
n
= 2 lnα.
Therefore it is derived that
lim
n→∞
tan θn = 0 and thus lim
n→∞
θn = 0.
This implies that the sequence (µ(γn)) converges to a singular point at in-
finity. Summarizing the results so far, we have Theorem 1.4
4. Regularity and Grassmannians
In order to deal with a more general Lie group PGL(n,R), we will look
at the actions of regular and singular sequences of elements of PGL(n,R) on
Grassmannians.
4.1. Compound matrices. Let Inr denote the set of strictly increasing se-
quences of r integers in {1, . . . , n}. Let A be an n×m real matrix. Then for
each i ∈ Inr and j ∈ Imr , define the r × r submatrix A[i, j] of A as
A[i, j] = A
[
i1, . . . , ir
j1, . . . , jr
]
= (aik,jl)
r
k=1
r
l=1.
Namely, A[i, j] is the submatrix of A determined by the rows indexed i1, . . . , ir
and columns indexed j1, . . . , jr. The rth compound matrix of A is defined
as the
(
n
r
)× (m
r
)
matrix with entries
(detA[i, j])i∈Inr , j∈Imr
and is denoted by Cr(A) where index sets are arranged in lexicographic order.
For an n×mmatrix A and m×k matrix B, it follows from the Cauchy-Binet
formula that
Cr(AB) = Cr(A)Cr(B)
for each r ≤ min{n,m, k}.
4.2. Grassmannians and Plücker coordinates. The Grassmannian G(n, r)
is defined as the set of r-dimensional subspaces of the vector space Rn. The
Grassmannian G(n, r) is described as a subvariety of projective space via the
Plücker embedding ψ : G(n, r)→ P(∧rRn) which is defined by
Span(v1, . . . , vr) 7→ [v1 ∧ · · · ∧ vr].
It is well known that the Plücker embedding is a well-defined map and its
image is closed. Indeed it is a subvariety. Let (e1, . . . , en) be the canonical
ordered basis for Rn. Then for any element of ω ∈ G(n, r), ψ(ω) has a unique
representation in the form of
ψ(ω) =
∑
i∈Inr
aiei =
∑
1≤i1<···<ir≤n
ai1,...,ir(ei1 ∧ · · · ∧ eir).
The homogeneous coordinates [ai] are called the Plücker coordinates on
P(∧rRn) for ω ∈ G(n, r).
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Now we will look at the action of PGLnR on P(∧rRn) via the Plücker
coordinates. A matrix A ∈ PGLnR defines a map fA : P(∧rRn)→ P(∧rRn)
by
fA
∑
i∈Inr
aiei
 = ∑
i∈Inr
aiA(ei) =
∑
1≤i1<···<ir≤n
ai1,...,ir(Aei1 ∧ · · · ∧Aeir ).
By the definition of fA, we have that for any v1, . . . , vr ∈ Rn,
fA(v1 ∧ · · · ∧ vr) = Av1 ∧ · · · ∧Avr.
To look at this in terms of the Plücker coordinates, let B be the n×r matrix
with column vectors v1, . . . , vr. Then the Plücker coordinate ai for v1∧· · ·∧vr
is the r× r minor of B obtained by taking all r columns and the r rows with
indices in i ∈ Inr . In other words, the rth compound matrix Cr(B) of B is
exactly the Plücker coordinates for v1 ∧ · · · ∧ vr. In a similar way, it can be
seen that the rth compound matrix Cr(AB) is the Plücker coordinates for
Av1 ∧ · · · ∧Avr. It follows from the Cauchy-Binet formula that
Cr(AB) = Cr(A)Cr(B).
Hence we have that
fA
∑
i∈Inr
aiei
 = ∑
i∈Inr
∑
j∈Inr
A(i, j)aj
 ei
where A(i, j) denotes the determinant of A[i, j]. In conclusion, fA is the
projecitve linear transformation of P(∧rRn) that is represented by Cr(A).
4.3. Dynamics of σmod-regular sequences on Grassmannians. Let (γk)
be a σmod-regular sequence in PGL(n,R). We want to see the dynamics of
regular sequences on Grassmannians. For simplicity, we first assume that
γk = Diag(λk,1, . . . , λk,n) with λk,1 ≥ · · · ≥ λk,n > 0 for each k. The σmod-
regularity of (γk) implies that
lim
k→∞
λk,i+1
λk,i
= 0(4)
for all i = 1, . . . , n−1. As described before, the action of γk on G(n, r) is the
projective linear transformation of P(∧rRn) with matrix Cr(γk). Since each
γk is a diagonal matrix, it can be easily seen that its rth compound matrix
Cr(γk) is also a diagonal matrix for any r = 1, . . . , n. More precisely,
γk ·
∑
i∈Inr
aiei
 = ∑
i∈Inr
∑
j∈Inr
γk(i, j)aj
 ei = ∑
i∈Inr
λk,iaiei.
Here λk,i = λk,i1 · · ·λk,ir for i = (i1, . . . , ir) ∈ Inr .
Let i1 = (1, . . . , r). Then it is not difficult to see that for any i 6= i1 ∈ Inr ,
lim
k→∞
λk,i
λk,i1
= 0.
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This implies that if ai1 6= 0,
lim
k→∞
γk ·
∑
i∈Inr
aiei
 =
∑
i∈Inr
λk,iaiei
 =
∑
i∈Inr
λk,i
λk,i1
aiei
 = [ei1 ]
where [v] denotes the point of P(∧rRn) corresponding to v ∈ ∧rRn.
Proposition 4.1. Let (γk) be a σmod-regular sequence in PGL(n,R). Then
there exists a subsequence (γnk) such that for each r = 1, . . . , n−1, there is a
hyperplane H− of P(∧rRn) such that on the complement of H− the sequence
of maps (γnk) converges pointwise to a constant map.
Proof. Due to the Cartan decomposition of PGL(n,R), each γk can be writ-
ten as γk = skaktk for some sk, tk ∈ K and ak ∈ exp a¯+. By passing to a
subsequence, we may assume that sk and tk converge to s∞ and t∞ in K re-
spectively. For each r = 1, . . . , n− 1, we put H− = t−1∞ (H1) where H1 is the
hyperplane of P(∧rRn) corresponding to ai1 = 0 in the Plücker coordinates.
Then it can be easily shown that for every point ω /∈ H−,
lim
k→∞
γk · ω = [s∞ei1 ].
This implies the proposition. 
We now look at the case that a sequence (γk) is not σmod-regular. For
simplicity, as before, we assume that every γk is a diagonal matrix given by
Diag(λk,1, . . . , λk,n) with λk,1 ≥ · · · ≥ λk,n > 0. If a sequence (γk) is not
σmod-regular, for some r0 ∈ {1, . . . , n− 1}, the property of (4) fails. Namely,
(5) lim
k→∞
λk,r0+1
λk,r0
= c for some c > 0.
We may assume that r0 is the smallest number for which (4) fails. Looking
at the action of γk on P(∧r0Rn),
(6) lim
k→∞
λk,i2
λk,i1
= lim
k→∞
λk,r0+1
λk,r0
= c
where i1 = (1, . . . , r0) and i2 = (1, . . . , r0 − 1, r0 + 1). Due to c 6= 0, if
lim
k→∞
γk · ω1 = lim
k→∞
γk · ω2
for ω1, ω2 ∈ P(∧r0Rn)\H1, then ω1 and ω2 must be contained in a hyperplane
of P(∧r0Rn) for which the ratio of the ai2-coordinate to the ai1-coordinate is
constant. In summary we have the following proposition.
Proposition 4.2. Let (γk) be an infinite sequence in PGL(n,R). Suppose
that for each r = 1, . . . , n− 1, there exists a frame of ∧rRn such that the se-
quence of maps (γk) sends all elements of the frame to one point in P(∧rRn).
Then (γk) is σmod-regular.
Proof. Let γk = skaktk be the Cartan decomposition of γk. By passing to a
subsequence, we assume that sk and tk converge to s∞ and t∞ respectively.
Assume that (γk) is not σmod-regular. Then from the observation above,
there is a number 0 < r0 < n such that (4) fails. Furthermore if
lim
k→∞
γk · ω1 = lim
k→∞
γk · ω2
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for ω1, ω2 ∈ P(∧r0Rn) \ H−, it is not difficult to show that t∞(ω1) and
t∞(ω2) must be contained in a hyperplane of P(∧r0Rn). This implies that
any frame of ∧r0Rn can never converge to one point in P(∧rRn). This makes
a contradiction to the assumption. Therefore (γk) with the property in the
proposition must be σmod-regular. 
Proposition 4.2 provides a tool to check the σmod-regularity of a sequence.
This will be useful in proving the σmod-regularities of positive representations
later. Note that in order to apply Proposition 4.2 to a sequence, we need
information about the action of a sequence on each projective space P(∧rRn).
In other words it is possible to prove the σmod-regularity of a sequence only
with information about the action of a sequence on each Grassmannian as
follows.
Corollary 4.3. Let (γk) be a sequence in PGL(n,R). Suppose that for each
r = 1, . . . , n− 1, there exists a Zariski-dense subset of G(n, r) such that the
sequence of maps γk converges to a constant map on the Zariski-dense subset.
Then the sequence (γk) is σmod-regular.
Proof. We think of G(n, r) as a subvariety of P(∧rRn) via the Plücker co-
ordinates. Clearly, the action of PGL(n,R) on P(∧rRn) preserves the sub-
variety G(n, r). Suppose that the sequence (γk) is not σmod-regular. Then
for some r0, Equation (6) holds. We stick to the notations of (6). Let Hy
be a hyperplane of P(∧r0Rn) for which the ratio of the ai2-coordinate to the
ai1-coordinate is y ∈ R. It is easy to see that G(n, r0)∩Hy is a subvariety of
G(n, r0) with codimension 1. Let γk = skaktk be the Cartan decomposition
of γk. Assume that sk and tk converge to s∞ and t∞ respectively. If
lim
k→∞
γk · ω1 = lim
k→∞
γk · ω1
for ω1, ω2 ∈ G(n, r0), then ω1 and ω2 must be contained in the subvariety
t−1∞ · (G(n, r0) ∩Hy) = G(n, r0) ∩ t−1∞ ·Hy of G(n, r0) for some y ∈ R. This
means that any Zariski-dense subset of G(n, r0) can never converge to one
point in G(n, r0). This implies the Corollary. 
We have seen so far a sufficient condition for a sequence to be σmod-regular
in terms of the Grassmannian. Applying it to positive representations, we
have the following proposition.
Proposition 4.4. Every positive representation is σmod-regular.
Proof. Let ρ : π1(Σ) → PGL(n,R) be a positive representation for a com-
pact, connected, orientable surface Σ (possibly with boundary) of negative
Euler characteristic. Let ξ : ∂∞π1(Σ)p → Flag(σmod) be the positive ρ-
equivariant homeomorphism associated to ρ for some p. Note that ξ is a hy-
perconvex curve. Let (γk) be an arbitrary sequence of elements of ρ(π1(Σ)).
Let γ+k and γ
−
k denote the attracting fixed point and repelling fixed point
of γk on ∂∞π1(Σ)p respectively. Assume that γ
+
k and γ
−
k converge to γ
+
∞
and γ−∞ respectively. Note that γ
+
∞ and γ
−
∞ might be equal. Then on
∂∞π1(Σ)p \ {γ−∞}, the sequence of maps γk converges to the constant map,
which sends all of ∂∞π1(Σ)p \ {γ−∞} to γ+∞.
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Since ξ is hyperconvex, it is possible to choose n points x1, . . . , xn on
∂∞π1(Σ)p \ {γ−∞} so that {ξ1(x1), . . . , ξ1(xn)} is a frame of Rn. Then for
each r = 1, . . . , n− 1, the set
Br = {ξ1(xi1) ∧ · · · ∧ ξ1(xir) | 1 ≤ i1 < · · · < ir ≤ n}
is a basis for ∧rRn. Noting that for any i = 1, . . . , n,
lim
k→∞
γk · xi = γ+∞
and ξ is hyperconvex, it follows from the property (1) of hyperconvex Frenet
curve that
lim
k→∞
 r⊕
j=1
γk · ξ1(xij )
 = lim
k→∞
 r⊕
j=1
ξ1(γk · xij)
 = ξr(γ+∞).
In other words, the sequence of maps γk sends all elements of Br to one point
ξr(γ+∞) for each r = 1, . . . , n− 1. By Proposition 4.2, it immediately follows
that the sequence (γk) is σmod-regular, which completes the proof. 
We have proved the σmod-regularities of convex projective structures and
positive representations. The σmod-regularity implies discrete length spec-
trum as follows.
Proof of Corollary 1.6. Let Σ be a surface with negative Euler number and
ρ : π1(Σ)→ PGL(n,R) be the holonomy representation of a convex projec-
tive structure on Σ or a positive representation. The σmod-regularity of ρ
implies that for any x ∈ X, the distance between d∆(x, gkx) and the walls of
the Weyl chamber ∆ must go to infinity if gk → ∞ in PGL(n,R) where X
is the symmetric space associated to PGL(n,R). Suppose the length spec-
trum of ρ is not discrete, then there exists a sequence (γk) in π1(Σ) such that
gk = ρ(γk)→∞ in PGL(n,R) and ℓ(gk) = log λki −log λkj accumulates where
λk1 > λ
k
2 > · · · > λkn are the eigenvalues of gk. Since log λki − log λkj is the dis-
tance from a wall of the Weyl chamber, this contradicts the σmod-regularity.
Therefore ρ has discrete length spectrum. 
5. Primitive stable representations
We have seen the σmod-regularity for convex projective structures and
moreover positive representations. In this section, we prove that they are
σmod-primitive stable. The definition of primitive stable representation has
been already mentioned byWienhard in [32]. Moreover, Guéritaud, Guichard,
Kassel and Wienhard suggested the definition of primitive stable represen-
tation in higher rank in [13, Remark 1.6]. Here we give a definition of prim-
itive stable representation in terms of Morse quasigeodesics introduced by
Kapovich, Leeb and Porti [20], which is equivalent to the previous defintions.
Let Γ be a non-abelian free group. Given a representation ρ : Γ→ G and
a basepoint x ∈ X, a ρ-equivariant orbit map τρ,x : C(Γ, S) → X is defined
by τρ,x(w) = w · x.
Definition 5.1. A representation ρ : Γ→ G is τmod-primitive stable if there
exist constants L,A,D and a compact set Θ ⊂ ost(τmod) for some face τmod
of the model Weyl chamber σmod and a basepoint x ∈ X such that the
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orbit map τρ,x takes all bi-infinite primitive geodesics to (L,A,Θ,D)-Morse
quasigeodesics.
In hyperbolic 3-manifold theory, there are two important results on prim-
itive stable representations. The first is the stableness of primitive stable
representations in character variety and the second is the properness of the
action of the outer automorphism group of a free group on the space of prim-
itive stable representations. These two properties are extended to higher
rank symmetric spaces by combining Minsky’s idea in [29] with the work of
Kapovich-Leeb-Porti in [20] as follows.
Theorem 5.2. Let Γ be a non-abelian free group and G a semisimple Lie
group without compact factors. Then the set PS(Γ, G) of primitive stable
representations is open in the character variety of Γ in G, and the action of
the outer automorphism group of Γ on PS(Γ, G) is properly discontinuous.
Sketch of proof. For reader’s convenience, we recall their works and then
sketch a proof briefly. The openness of primitive stable representations fol-
lows from [19, Theorem 7.18] that a local Morse quasigeodesic is a global
Morse quasigeodesic. Let ρ : Γ → G be a primitive stable representation.
Fix a word metric on the Cayley graph of a group Γ and consider the orbit
map for a fixed base point x ∈ X. Then there exist constants (L,A,Θ,D)
such that any bi-infinite geodesic defined by a primitive element is mapped
to an (L,A,Θ,D)-Morse quasigeodesic satisfying strict inequalities. Then
for any S > 0, every primitive bi-infinite geodesic is mapped by the orbit
map to a (L,A,Θ,D, S)-local Morse quasigeodesic. It is not difficult to see
that this still holds for all representations sufficiently close to ρ. Furthermore
noting that local Morse quasigeodesics are global Morse quasigeodesics, it
follows that all representations sufficiently close to ρmap primitive bi-infinite
geodesics to (L′, A′,Θ′,D′)-Morse quasigeodesics under the orbit map, i.e.,
they are primitive stable. We refer the reader to [19, Section 7] for more
detailed proof about this.
The properness of the action of the outer automorphism group of Γ on the
space of primitive stable representations follows from Minsky’s idea in [29].
Just for completeness we give an outline. By the definition of the primitive
stability of ρ, there exists r = r(ρ) > 0 such that for w ∈ Γ,
r‖w‖ < tρ(w),
where tρ(w) is a translation length of ρ(w), and
‖w‖ = inf
g∈Γ
|gwg−1|
is the infimum of the word lengths among its conjugates with respect to a
fixed generating set. By triangle inequality,
tρ(w) < R‖w‖
for R depending on ρ. Hence once a compact set C in the set of primitive
stable representations is given, there exist uniform constants r and R on C
satisfying the above inequalities. Hence if [Φ] ∈ Out(Γ) satisfies [Φ](C)∩C 6=
∅, then for [ρ] in this intersection
‖Φ(w)‖ ≤ 1
r
tρ(Φ(w)) ≤ R
r
‖w‖.
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But it is shown that the set of such [Φ] is finite [29]. 
Recall that P is the set of all bi-infinite primitive geodesics. We will say
that P is σmod-regular for ρ if τρ,x(w˜) is σmod-regular for any primitive word
w. Then we can get a necessary and sufficient condition for a representation
to be σmod-primitive stable as follows.
Proposition 5.3. Let ρ : Γ → PGL(n,R) be a discrete representation of a
non-abelian free group Γ. Then ρ is σmod-primitive stable if and only if the
following holds:
(i) P is σmod-regular for ρ.
(ii) There is a uniform constant D > 0 such that for each ω˜ ∈ P, there
exists a maximal flat F such that τρ,x(ω˜) remains at a bounded dis-
tance D from a maximal flat F .
Sketch of proof. By the definition of primitive stable representation, (i) and
(ii) immediately follow if ρ is σmod-primitive stable. Hence it is sufficient
to prove the converse. Indeed its proof follows rather easily by the work of
Kapovich, Leeb and Porti in [19, Section 6.4.2]. Suppose that (i) and (ii)
hold for a discrete representation ρ : Γ → PGL(n,R). By (i), for any given
C > 0 there exists a uniform constant R = R(ρ,C) such that
d(d∆(x, ηx), ∂∆) ≥ C
for any word η with |η| ≥ R which is on some bi-infinite geodesic in P. By a
similar argument as the proofs in [19, Section 6.4.2], there exist uniform con-
stants L,A,D, S and Θ ⊂ ost(σmod) such that τρ,x(ω˜) is an (L,A,Θ,D, S)-
local Morse quasigeodesic for every ω˜ ∈ P. Then, according to [19, Theorem
7.18], τρ,x(ω˜) is an (L
′, A′,Θ′,D′)-Morse quasigeodesic for some uniform con-
stants L′, A′,D′ and Θ′ ⊂ ost(σmod) for every ω˜ ∈ P. This completes the
proof. 
Proposition 4.4 implies that every positive representation satisfies (ii)
in Proposition 5.3. To verify that every positive representation is σmod-
primitive stable, it only remains to check that (ii) in Proposition 5.3 holds.
Theorem 5.4. Every positive representation of a compact, connected, ori-
entable surface with one boundary component and negative Euler character-
istic is σmod-primitive stable.
Proof. Let Σ be a compact, connected, orientable surface with one boundary
component and negative Euler characteristic. Let ρ : π1(Σ) → PGL(n,R)
be a positive representation with a continuous ρ-equivariant positive map
ξ : ∂∞π1(Σ) → Flag(σmod). As mentioned above, it suffices to prove that
(ii) in Proposition 5.3 holds.
Let Pe be the subset of P of bi-infinite geodesics q : Z → π1(Σ) with
q(0) = e. Then we claim that there exists a uniform constant D = D(ρ, x)
such that
dX(x,F(ξ(q−), ξ(q+))) ≤ D
for all q ∈ Pe where F(σ+, σ−) is the unique maximal flat connecting two
opposite flags σ+ and σ− in Flag(σmod). Once the claim is proved, we will
be done. To see why, for an arbitrary bi-infinite geodesic q : Z → π1(Σ)
in P with ideal endpoints q± ∈ ∂∞π1(Σ), consider the k-shifting of the
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parametrization of q, denoted by q[k] : Z → π1(Σ), for each k ∈ Z, defined
by q[k](i) = q(k + i) for i ∈ Z. Noting that q(k)−1 · q[k] : Z → π1(Σ) is an
element of Pe, we have
dX(q(k)x,F(ξ(q−), ξ(q+))) = dX(x,F(ξ(q(k)−1q−), ξ(q(k)−1q+))) ≤ D
for every k ∈ Z. This implies the lemma.
Now it remains to prove the claim. Suppose that the claim dose not hold.
Then there exists a sequence (qn : Z → π1(Σ)) of bi-infinite geodesics of Pe
such that
dX(x,F(ξ(q−n ), ξ(q+n )))→∞ as n→∞.
Due to the compactness of ∂∞π1(Σ), we can assume that q
±
n → q±∞ as n →
∞. Let B∞(Σ) be the set of endpoints of the preimages of one boundary
curve in the Cayley graph of π1(Σ). Since (qn) is a family of geodesics with
qn(0) = e, one can apply Arzela-Ascoli theorem to (qn). By passing to a
subsequence, we may assume that qn converges to a bi-infinite geodesic q∞
with q∞(0) = e. Furthermore q
±
∞ should be the endpoints of q∞. This
implies that they are distinct.
If one of q±∞ is in B∞(Σ), this means that a sequence of primitive elements
corresponding to qn winds more and more around the one boundary compo-
nent of Σ. Minsky [29] showed that this never happens due to the blocking
property of the one boundary component of Σ. For this reason, it follows
that q±∞ /∈ B∞(Σ).
The ρ-equivariant continuous map ξ : ∂∞π1(Σ) → Flag(σmod) is a one-
to-one map on the complement of B∞(Σ). Since q±∞ are distinct and q±∞ /∈
B∞(Σ), the sequence of maximal flats F(ξ(q−n ), ξ(q+n )) converges to a maxi-
mal flat F(ξ(q−∞), ξ(q+∞)) and thus
dX(x,F(ξ(q−n ), ξ(q+n )))→ dX(x,F(ξ(q−∞), ξ(q+∞))) as n→∞.
This contradicts the assumption that dX(x,F(ξ(q−n ), ξ(q+n ))) → ∞ as n →
∞. Therefore the theorem holds. 
We prove Theorem 1.2 for positive representations and hence Theorem 1.2
now follows if we prove that the holonomies of convex projective structures
are σmod-primitive stable.
Proof of Theorem 1.2. Let Σ be a compact, connected, orientable surface
with one boundary component and negative Euler characteristic. Let ρ :
π1(Σ) → PGL(3,R) be the holonomy of a convex projective structure on
Σ. Then ρ(π1(Σ)) is a discrete subgroup of PGL(3,R) acting on a convex
domain Ω in RP2 properly and freely. Furthermore it admits a ρ-equivariant
continuous map ξ : ∂∞π1(Σ) → Flag(σmod). Note that ρ(γ) is hyperbolic
for any non-peripheral loop γ ∈ π1(Σ) and ρ(c) is either hyperbolic or quasi-
hyperbolic or parabolic for a peripheral loop c. When ρ(c) is hyperbolic,
ξ is a ρ-equivariant, antipodal homeomorphism and thus ρ is an Anosov
representation. When ρ(c) is quasi-hyperbolic, ξ is a ρ-equivariant homeo-
morphism but not antipodal. When ρ(c) is parabolic, as well-known, ρ is
a positive representation. We will show that ρ is primitive stable in either
case.
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We apply Proposition 5.3 to convex projective structures. First, (i) in
Proposition 5.3 immediately follows from Theorem 1.4. Noting that ev-
ery convex projective structure on Σ admits an equivariant continuous map
∂∞π1(Σ) → Flag(σmod) which is a one-to-one map on ∂∞π1(Σ) \ B∞(Σ), a
proof for (ii) in Proposition 5.3 is exactly the same as the proof of Theorem
5.4. Therefore by Proposition 5.3, every convex projective structure on Σ is
σmod-primitive stable. 
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